• A thermo-metallurgical-mechanical coupling model for selective laser melting is developed.
Introduction
Selective laser melting (SLM), a powder bed fusion technique, uses a high-intensity laser beam to selectively fuse powder particles layer by layer for printing highly-customized and cost-effective products.
However, SLM-printed products suffer from disadvantages such as poor surface finish, thermal distortion and unsatisfactory mechanical strength characteristics [1] . Among these deficiencies, residual stresses, which mainly result from large thermal gradients in the layer-wise additive manufacturing process, may have a detrimental influence on dimensional accuracy and mechanical performance. To reduce such influence, numerical approaches are widely employed to give insight into the evolution of residual stresses as well as transient temperature fields during the manufacturing process. 
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Development of a reliable thermo-mechanical coupling model is of prime significance in residual stress analysis since there exists a complex interaction between thermal and mechanical behaviours in the SLM process. The sequentially coupling thermo-mechanical model which consists of a heat transfer analysis and a subsequent stress analysis has been prevalently employed for the SLM process [2] [3] [4] [5] . The thermo-mechanical model can provide a guide to study a variety of measures to minimize residual stresses such as process parameters optimization [6] , pre-heating and post heat treatment [7] [8] [9] , and scanning strategy [10] [11] [12] . In recent years, researchers have devoted efforts to improving the thermo-mechanical model. Li et al. [13] developed a multi-scale methodology which integrates microscale, mesoscale and macroscale thermo-mechanical models. Also, Mukherjee et al. [14] improved the thermal model for residual stress analysis by considering thermal-fluid effects in the melt pool.
Despite great progress in the current thermo-mechanical model, the metallurgical solid-state phase transformation (SSPT) has not yet been considered for the stress analysis in the SLM process. The SSPT, which is often associated with the change of material properties, volumetric change and transformation-induced plasticity, has been recognized as a crucial factor for the formation of residual stresses for some carbon steels and titanium alloys [15] [16] [17] . Pioneering works about the stress analysis with consideration of the SSPT has been conducted in the laser welding process [18] [19] [20] [21] and direct laser deposition (DLD) process [17, 22] . However, as a powder-bed manufacturing technique, SLM involves more complex physicochemical phenomena such as the laserpowder interaction, powder-liquid-solid transition and volume shrinkage of the powder bed. For a multi-track multi-layer SLM process, the printed product repeatedly undergoes the SSPT due to preheating and reheating from adjacent tracks or layers, which increases the complexity and significance of the phase transformation. Additionally, SLM exhibits a high temperature gradient and rapid solidification and cooling rates, which are of great importance to microstructural phase formation and characteristics [23] .
As a two-phase titanium alloy (α and β phases), Ti6Al4V has attracted extensive attention for SLM owing to its high strength-toweight ratio, excellent corrosion resistance and good stability in a wide range of working temperature [6, 24] . Metallurgical phase compositions of Ti6Al4V in the SSPT are dependent on the temperature history and cooling rate. The phase transformation kinetics are governed by a diffusive transformation of the α to β phase in the heating process, while the transformation product of the β phase depends on the cooling rate in the cooling process. When the cooling rate is less than around 20 K/s, the β phase decomposes back to the α phase [25, 26] . For a faster cooling rate, the diffusionless transformation process from the β phase to the martensite α′ phase starts to occur. Furthermore, when the cooling rate is larger than 410 K/s, the β phase is fully transformed to the martensite phase α′ [27] . Although the kinetics of the SSPT for Ti6Al4V in the SLM process have been studied [23, 28, 29] , the effects of the SSPT on the thermal stress evolution have not been well understood.
The objective of this work is to investigate the effects of the SSPT on the residual stress evolution during the SLM process of Ti6Al4V. A thermo-metallurgical-mechanical coupling model considering the SSPT is developed to simulate the multi-track multi-layer manufacturing process. The developed model considers the metallurgical SSPT and powder-liquid-solid transition including the melting, vaporization, solidification, shrinkage and cooling processes. The thermophysical and mechanical properties associated with the temperature and metallurgical compositions are taken into account. The temperature field is obtained by solving the heat conduction governing equation with a volumetric heat source describing the laser-powder interaction. An elasto-plastic constitutive relationship considering the thermal strain and volumetric change strain is proposed to evaluate stress fields.
Thermo-metallurgical-mechanical coupling model development
This section introduces how to develop the thermo-metallurgicalmechanical coupling model for the SLM process. In the coupling procedure, the temperature field is first obtained by solving transient heat conduction and then used to evaluate the metallurgical solid-phase field. Subsequently, the temperature and solid-state phase fields are imported into the mechanical analysis model to obtain thermal strain and volumetric change strain, respectively. A detailed coupling procedure is illustrated by the flowchart in Fig. A1 
where T is the temperature at point (x, y, z) at time t; ρ, H and k are the temperature-dependent density, enthalpy and thermal conductivity, respectively; Q V is the volumetric heat source. The air natural convection and radiation to the ambient environment on the top surface of the powder bed can be expressed by [18] .
where δ is the Stefan-Boltzmann constant taken as 5.67 × 10
8
, ω is the emissivity, T ∞ is the ambient temperature taken as 298 K, and h con is the heat convection coefficient (W/(m 2 ·K)). Other surfaces are assumed to be under thermal insulating boundary conditions. Due to the porosity in the powder bed, the laser radiation can be absorbed or scattered by powder particles and the substrate. Based on the interaction model of the laser beam and powder particles, the volumetric heat source is expressed as [31] .
where γ is the extinction coefficient, the dimensionless coordinate ξ = γz denotes the extinction thickness along the z direction, S 0 (x, y) is the Gauss surface distribution of the laser energy, P is the laser power, r 0 is the laser beam radius and the normalized laser irradiance q is given by Eqs. (B1) and (B2) in Appendix B.
Modelling solid-state phase transformation
Ti6Al4V with both α and β phases may undergo the SSPT during the heating and cooling processes. A schematic of the volumetric change due to the SSPT during the heating and cooling processes is given in Fig. 1 . When the temperature reaches the transformation temperature B s during the heating process, the α phase starts to be transformed to the β phase. Since the unit cell volume of the β phase is larger than that of the α phase, the material volume decreases with the increasing temperature. During the cooling process, when the temperature is lower than the transformation temperature M s , the material volume increases in the phase transformation of the β to α (or α′).
During the heating process, the volume fraction of the β phase is given by the Castro model [32] :
where the finish temperature B f of the α to β phase transformation is 1253 K. Due to the high cooling rate in the SLM process, the diffusive transformation from the β phase to the α phase is suppressed and the β phase is completely converted to the martensite α′ phase [25, 33] . The volume fraction of the martensite α′ phase is obtained by the Koistinen-Marburger equation [34] :
where f β ′ is the initial volume fraction of the β phase in the martensite transformation and the transformation temperature M s is taken to be 923 K in this model. The phase volume fractions during heating and cooling processes are plotted in Fig. 2 ).
A schematic of the SSPT in the multi-track multi-layer SLM process is shown in Fig. 3 . A layer of powder particles is initially spread on the substrate (see Fig. 3(a) ). The main phase composition of the powder and substrate is the α phase. In (b), when the first track is scanned by the laser beam, the heat affected zone of the powder layer and substrate with a temperature of over 1253 K is transformed to the β phase. Due to the preheating from the first track, some powder particles in the second track are also transformed to the β phase. When the second track is scanned, the two-track powder layer and one part of the substrate becomes the β phase as given in (c). After a short cooling time at the end of the first layer, the martensite phase transformation occurs in the zone with a temperature lower than 923 K as given in (d). A repeated process of (a)-(d) on the second layer is given in (e)-(h). It is observed from (f) and (g) that a portion of the zone with the martensite α′ phase is transformed to the β phase due to reheating from the second layer. After cooling down to the ambient temperature, the printed part becomes martensite α′ phase, as illustrated in (h).
Mechanical model
In the mechanical model, temperature and solid-state phase fields obtained from the previous thermo-metallurgical model are used as input parameters to evaluate the thermal strain and volumetric change strain, respectively. The total strain increment dε Total is expressed by
where dε e is the elastic strain increment, dε p is the plastic strain increment, dε th is the thermal strain increment and dε tr is the volumetric change strain increment due to the SSPT. The plastic strain increment is given by considering the flow plasticity:
where λ is the hardening parameter, σ is the stress tensor and the yield function f is obtained by the von Mises yield criterion:
where σ yield and σ von are the yield stress and von Mises stress, respectively. The thermal strain increment is expressed as
where α T is the coefficient of thermal expansion. The volumetric change strain increment is given by [26] .
where ε ΔV is the volumetric change strain with a full SSPT and f i (T) is the phase volume fraction. The volumetric change strain ε ΔV can be determined by the lattice parameter of crystal structures for α and β phases [26, 35, 36] :
where V α and V β are unit cell volumes of α and β phases, respectively. The unit cell volumes of α and β phases and the volume change strain ε ΔV are plotted in Fig. 4 .
The volumetric change strain is obtained for the heating and cooling processes by substituting the volume fractions given in Eqs. (4) and (5) to Eq. (10):
where
Since both the thermal strain and volumetric change strain are a function of the temperature gradient ΔT, they can be combined:
Hence, the SSPT is considered in the mechanical analysis by incorporating the volumetric change strain into the thermal strain in the FEM model.
Volume shrinkage of the powder bed
The volume of the powder bed is decreased after the powder particles are melted by the laser beam. The volume decrease results from the volume shrinkage of the porous powder layer and vaporization. The vaporized metal can be neglected compared with the volume shrinkage. Hence, the volume shrinkage is 40% of the powder bed volume because the porosity of the powder bed is assumed to be 0.4 [37] . A detailed multi-step algorithm for the multi-track multi-layer SLM process considering the volume shrinkage is discussed in our previous work [5] . The volume decrease is simulated by activating and deactivating elements by the element birth and death technique in ANSYS software. After the volume of the powder bed is reduced, the top surface of the printed part is assumed to be flat. The thermophysical properties of the materials including the density, heat conductivity and enthalpy are associated with the volume shrinkage. The material properties are changed from powder particles to the bulk material as the temperature is over the melting point. Since the powder particles have no mechanical effect on the printed part, the elements of fresh powder particles are deactivated in the mechanical analysis.
Material properties
The thermophysical properties used in the coupling model include thermal conductivity, density and enthalpy for powder particles and bulk material. The density ρ p is a function of the powder porosity:
where the porosity φ is 0.4 [37] , the melting point T m is 1923 K and ρ b is the density of the bulk material. The effective thermal conductivity k p of the powder bed is estimated as [38] .
where k a is the thermal conductivity of air, k b is the thermal conductivity of the bulk material and k r is the thermal conductivity portion due to radiation among powder particles:
where δ is the Stefan-Boltzmann constant, d r is the average diameter of powder particles and F is the view factor which is taken as 1/3. To consider melting and vaporization processes, the latent heat is directly added to the enthalpy. The latent heat is taken as 286 kJ/kg for melting and 9830 kJ/kg for vaporization [16, 26, 39] . The temperature-dependent thermophysical properties of the Ti6Al4V powder particles and bulk material are depicted in Fig. 5 . The temperature-dependent mechanical properties of Ti6Al4V, including the Young's modulus E, Poisson ratio υ, the coefficient of thermal expansion (CTE) α T , yield stress σ yield and tangent modulus E T , are plotted in Fig. 6 . The tangent modulus is assumed to be about 1/20 of the Young's modulus [38] . A bilinear stress-strain constitutive relation is used for the plastic deformation as shown in Fig. 7 , which requires the initial yield stress σ yield and tangent modulus E T as input parameters.
Results and discussion
In this section, the temperature, solid-state phase and residual stress fields are analyzed and the effects of the SSPT on residual stresses are investigated based on the thermo-metallurgical-mechanical coupling model.
Temperature field
The thermal model is validated by comparing the width and depth of the simulated melt pool with experimental results. The liquid-solid phase distributions in the x-z cross section of the powder layer and substrate with various powers from 20 to 80 W are shown in Fig. 8 . The solid and liquid phases are represented by blue and red colors, respectively. By considering the volume shrinkage of the powder bed, the width and depth of the melt pool is calculated by Width ¼ w where w is the width of the melt pool, d is the depth of the molten powder bed and substrate, h is the depth of the molten powder bed and φ is the powder porosity. The simulation has been carried out with a scanning velocity of 200 mm/s and a laser beam radius of 26 μm. The comparison between modelled melt pool sizes and experimental results [42] is illustrated in Fig. 9 . From the comparison, the depth and width of the melt pool predicted by the model shows good agreement with the experimental results. The mesh of the FEM model and scanning pattern for a multi-layer SLM process are shown in Fig. 10 . A fine mesh is used for the fourlayer printed part and the heat affected zone of the substrate. A unidirectional scanning pattern is adopted within one layer and the scanning directions between two layers are orthogonal. The material of both the substrate and powder layer is Ti6Al4V. A modelling scheme for the multi-layer SLM process considering the volumetric decrease due to volume shrinkage of the powder bed is reported in our previous paper [5] . The modelling process parameters are listed in Table 1 . The temperature evolution for a four-layer printing process is given in Fig. 11 . After each layer is finished, the cooling time is 0.1 s. The scanned region by the laser beam becomes thinner due to the consideration of volume shrinkage. Heat diffusion from the heated region to the surrounding fresh powder particles is slow because heat conductivity is low in the powder bed.
Solid-state phase field
The temperature and β phase fields in the x-z and y-z cross sections for a one-track printing process are demonstrated in Fig. 12 . The powder bed consists of 92.5% α phase and 7.5% β phase at initial condition according to the Castro model in Eq. (4). The α phase starts to become the β phase with increasing temperature. As the temperature is higher than B f = 1253 K, the α phase is fully transformed to the β phase. The material above around −40 μm in the z direction is completely tranformed to the β phase around the scanned region by the laser beam. The volume fraction of the β phase gradually decreases in the region further away from the heat affected zone.
The evolution of the solid-state phase fields for a three-track printing process is shown in Fig. 13 . In the first track as shown in (a), the material with the temperature of over 1253 K is fully transformed to the β phase and the region with lower temperature is a combination of α and β phases. The martensite α′ phase does not occur at this moment. When the second track is being scanned, the first-track region mainly contains the β phase because the temperature in this region is still higher than the martensitic transformation temperature (923 K). Only a small region around the edge of the heat affected zone in the substrate undergoes the martensitic transformation. When the third track is being scanned, the region with the β phase increases and more α′ phase occurs at the bottom of the first-track heated region. After cooling down, Fig. 7 . A bilinear temperature-dependent constitutive relationship for Ti6Al4V [3, 4] . most of the β phase in the heated zone is fully transformed to the α′ phase and the region around the edge of the heat affected zone is composed of α and α′ phases.
The evolution of the temperature and phase volume fraction f β at the central point of the first track on the top surface of the substrate for the three-track printing process is given in Fig. 14 . Three peak points occur in the temperature history because the point is heated three times while three tracks are scanned by the laser beam sequentially. The peak temperature decreases because the laser beam is gradually moving away from the point. When the laser beam reaches the point, the temperature dramatically increases to 2480 K and the α phase completely becomes the β phase at the same time. Then, the point remains in the β phase until the three tracks are scanned. After the scanning is finished, the temperature at the point gradually decreases to the martensitic transformation temperature M s . The β phase can be fully transformed to the martensite α′ phase due to the fast cooling rate.
Residual stress field
In this case, the stress fields for a one-layer printing process are first investigated. The unidirectional scanning strategy with a hatch distance D = 1.2r 0 is used. The printing process parameters including laser parameters and the powder layer thickness are the same as those listed in Table 1 for the multi-layer printing process. In addition, the substrate plate is fixed for the mechanical analysis:
; ð19Þ Table 1 Modelling process parameters for a multi-layer SLM process.
Parameters Value
Layer thickness h (μm) 50 Laser beam radius r 0 (μm) 60 Laser power P (W) 100 Laser scan speed v (mm/s) 600
0.5 × 0.5 × 0.05 Fig. 11 . Evolution of the temperature fields for a four-layer SLM process: (a) at the end of the first track, (b) at the end of the first layer, (c) at the middle time of the third layer and at the end of the fourth layer. where u, v and w are the displacements in the x, y and z directions, respectively; W, L and H are the length, width and height of the substrate plate, respectively. Fig. 15 illustrates the comparison of von Mises stress fields without and with the SSPT for the one-layer printing process at different instances of time. The printing time t m of the one-layer eight-track printing process is 6.67 × 10 −3 s. The printed part approaches the ambient temperature T ∞ = 298 K after 500 s of cooling. Fig. 15(a) gives the von Mises stress fields when one half of the powder bed is scanned by the laser beam. The grey part represents deactivated fresh powder particles which have no influence on the mechanical analysis of the printed part.
The blue region has a low stress level because this region is the melt pool where the Young's modulus and yield stress are assumed to be very small. A large stress occurs at the first-track region at the end of the laser scanning process as shown in Fig. 15(b) , which is caused by the formation of tensile residual stresses after the laser beam moves away. The von Mises stress increases as the temperature declines during the cooling process, as given in Fig. 15(c) and (d) . The large stress is distributed along the scanning track because these regions suffer from high temperature gradients, which is consistent with the reported results in [10, 43] . Fig. 15 also shows that the stress level with the SSPT is smaller than that without the SSPT during laser scanning and cooling processes. This can be explained by the volume change schematic due to the SSPT as shown in Fig. 1 . The material volume decreases during the heating process and increases during the cooling process, which is different from the thermal expansion and contraction caused by the temperature change. As a result, the SSPT and thermal gradients have an opposite effect on the evolution of the thermal stress field.
Residual stress components with and without the SSPT for the one-layer printed part are demonstrated in Fig. 16 . Compared with the other two stress components σ x and σ z , the stress component σ y has the maximum stress because the scanning direction is in the y direction such that the newly printed part is constrained by previously printed parts. Hence, we can see that a large stress value occurs along the scanning track. Furthermore, the z-direction stress component is smaller than the other two stress components because of the free constraint on the top surface. For stress components σ x , σ y and σ z , the tensile stress level with the SSPT is larger than those without the SSPT, which is consistent with the comparison of von Mises stress fields in Fig. 15 . In addition, larger compressive stresses are observed when the SSPT is considered.
The significance of the SSPT has been proved from the stress fields in the one-layer printing process. In this case, residual stress fields for a four-layer printed part with consideration of the SSPT are presented. The FEM model and printing process parameters are given in Fig. 10 and Table 1 , respectively. The residual stress component σ y and von Mises stress σ von for a four-layer printed part are shown in Fig. 17 . For the stress component σ y , the maximum tensile and compressive stresses occur at the bottom and top surfaces, respectively. To observe the stress fields in the thickness direction, the residual stress field in the x-z cross section at the center of the four-layer printed part is given. The stress components σ y has tensile stress in the first three layers and compressive stress at the fourth-layer region. Fig. 17(b) shows that the maximum von Mises stress is at the bottom just like the stress component σ y and the minimum stress is at the middle region, which is also observed in other reported simulation results [7, 8] . In addition, the maximum stress in the four-layer printed part (871 MPa) is larger than the maximum von Mises stress of the one-layer part (606 MPa).
Conclusions
Despite great advances in the thermo-mechanical modelling of the SLM process, a comprehensive understanding of thermal and mechanical behaviours with consideration of the phase transformation phenomena is rarely reported. Hence, this work investigates the thermometallurgical-mechanical behaviours of the Ti6Al4V product manufactured by SLM technique. The sequentially coupling model which consists of thermal, metallurgical and mechanical analyses aims at predicting the temperature, solid-phase and stress fields during the SLM process. The effects of the repeated SSPT on residual stress fields in the multi-track multi-layer process has been studied based on the developed model. The modelling results show that consideration of the SSPT gives rise to the decrease of tensile residual stresses and the increase of compressive residual stresses. For a one-layer printed part, the stress component in the scanning direction is larger than the other two stress components. In a four-layer printed part, the maximum von Mises stress is located at the bottom region.
The thermo-metallurgical-mechanical coupling model is a useful tool in process parameter optimization for improving dimensional accuracy and mechanical performance of SLM-printed products. Besides, the multi-track multi-layer model can also be extended to predict residual stresses of complex practical components fabricated by the laser additive manufacturing process.
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Appendix B. Normalized laser irradiance q for the volumetric heat source
By solving the radiation transfer equation in the thickness direction of the powder bed, the normalized laser irradiance q is given as [31] : 
where η is the hemispherical reflectivity of powder particles, a = ffiffiffiffiffiffiffiffiffiffi 1−η p , and the optical thickness λ = γL with L being the thickness of the powder layer.
